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In this work we obtain a nontrivial estimate for the size of the
set of triples (a,b, c) ∈ F∗q × Fq × Fq which correspond to stable
quadratic polynomials f (X) = aX2 + bX + c over the ﬁnite ﬁeld Fq
with q odd. This estimate is an improvement of the bound O (q11/4)
conjectured in a recent work of A. Ostafe and I. Shparlinski.
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1. Introduction
Let Fq be a ﬁnite ﬁeld of q elements with q odd. For a polynomial f (X) ∈ Fq[X] we deﬁne the
following sequence:
f (0)(X) = X, f (n)(X) = f (n−1)( f (X)), n 1.
We say that f ∈ Fq[X] is stable if f (n) is irreducible over Fq for all n  0. In the following, we only
work with polynomials of degree 2, that is,
f (X) = aX2 + bX + c ∈ Fq[X], with a = 0.
Our aim is to study the number of triples (a,b, c) ∈ F∗q × Fq × Fq which corresponds to these stable
polynomials. According to [1], we denote this number as Sq . This problem is related with the size of
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402 D. Gomez, A.P. Nicolás / Finite Fields and Their Applications 16 (2010) 401–405multiplicative character sums. Let us denote by γ = −b/(2a) the critical point of f , that is, the zero
of the derivative f ′ . The adjusted orbit of f is deﬁned as:
Orb( f ) = { f (n)(γ ) ∣∣ n > 1}∪ {− f (γ )}.
It can be proved (see [2] and [3]) that a quadratic polynomial f over Fq is stable if and only if Orb( f )
contains no squares.
The cardinality of the subset of squares in a set can be estimated by means of character sums.
In particular, it can be done using the only nontrivial quadratic multiplicative character χ of Fq . The
Weil bound for character sums will be useful to estimate the bounds of Sq and can be presented in
the following form (see Chapter 5 of [4]).
Lemma 1. Let χ be the multiplicative quadratic character of Fq and let F (X) ∈ Fq[X] be a polynomial of
positive degree that is not, up to a multiplicative constant, a square polynomial. Let d be the number of distinct
roots in its splitting ﬁeld over Fq. Under these conditions, the following inequality holds∣∣∣∣∑
x∈Fq
χ
(
F (x)
)∣∣∣∣ (d − 1)q1/2.
2. Estimate of Sq
This section is devoted to ﬁnd an estimate of the bounds for Sq . Our main result is the following
one.
Theorem 1. For any q odd, if Sq is the number of stable quadratic polynomials f ∈ Fq[X], then
1. Sq  (q − 1)2/4,
2. Sq = O (q5/2 logq).
The next result will be useful for calculating the lower and upper bounds of the number of stable
quadratic polynomials.
Lemma 2. For any stable polynomial f (X) and a ∈ F∗q ,
ga(X) = f (aX)
a
∈ Fq[X]
is a stable polynomial. Moreover, the number of stable polynomials is a multiple of q − 1.
Proof. Given a stable polynomial f (X), let us consider the map
ϕ :F∗q −→ Fq[x],
a −→ ga.
It is easy to see that g(n)a (X) = a−1 f (n)(aX) for all n  0. So, if h(X) | g(n)a (X), then h(a−1X) | f (n)(X)
and ga is stable for all a ∈ F∗q . Moreover, the map ϕ is always injective provided that f is stable. In
such case, since f = a0Xn + · · · + ad is irreducible, ad = 0. So, ga = gb if and only if a = b. Henceforth,
the number of stable polynomials is a multiple of q − 1. 
Now, using Proposition 3 of [5], we will establish the lower bound. We can distinguish two differ-
ent cases:
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is Orb( fb) = {b,−b}. This orbit does not contain any squares provided that b is not a square of F∗q .
Since there exist (q − 1)/2 elements such that are not squares in F∗q , we have, at least, (q − 1)/2
of such stable quadratic polynomials.
2. If q ≡ −1 (mod 4) and u, v ∈ Fq are such that u2 + v2 = −1, the adjusted orbit of the polynomial
fu(X) = (X − 4u2 − 2)2 + 4u2 is Orb( fu) = {−4u2,−4v2}, which does not contain any squares
of Fq . From Lemma 6.24 of [4], we know that there exist q + 1 solutions of the equation u2 +
v2 = −1 in F2q . Since fu = f v if and only if u2 = v2, there are at least (q + 1)/4 of such stable
quadratic polynomials.
Finally, Lemma 2 with the bounds obtained for q ≡ 1 (mod 4) and q ≡ −1 (mod 4) leads us to the
ﬁrst statement of Theorem 1.
In what follows, we will establish the upper bound of Theorem 1. Using the previous notation, we
deﬁne F(k)(a,b, c) = f (k)(γ ), where a, b, c are variables and γ = −b/(2a). From [1], we have that
Sq 
1
2K
∑
a∈F∗q
∑
b,c∈Fq
K∏
k=1
(
1− χ(F(k)(a,b, c))), ∀K ∈ Z+. (1)
Expanding the products and rearranging the terms, we conclude that there are 2K − 1 sums of the
shape
(−1)μ
∑
(a,b,c)∈F∗q×Fq×Fq
χ
(
μ∏
j=1
F(k j)(a,b, c)
)
, 1 k1 < · · · < kμ  K ,
with μ 1 and one trivial sum corresponding to 1 in (1). This sum can be transformed in
∑
(a,b,c)∈F∗q×Fq×Fq
χ
(
μ∏
j=1
F(k j)(a,b, c)
)
=
∑
(a,b,c)∈F∗q×Fq×Fq
χ
(
μ∏
j=1
F(k j)
(
a,b, c − b/2+ b2/4)
)
. (2)
From Lemma 2, it suﬃces to consider a = 1; so F(k j)(1,b, c − b/2+ b2/4) is monic. The upper bound
will be obtained multiplying by q− 1. The following result will be used in the deduction of the upper
bound.
Lemma 3. For ﬁxed integers k1, . . . ,kμ such that 1 k1 < · · · < kμ  K , the polynomial
μ∏
j=1
F(k j)
(
1, Y , c − Y /2+ Y 2/4)
has a multiple root only for at most 2K (K − 2) + 2 choices of c.
Proof. First of all, we will see that, for all n 0, the function F(n)(1, Y , c − Y /2+ Y 2/4) is linear in Y
and has degree 2n−1 in c.
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F(0)(1, Y , c − Y /2+ Y 2/4) = f (γ ) = c − Y /2. Also,
f
(
f (γ )
)= (c − Y /2)2 + Y (c − Y /2) + (c − Y /2+ Y 2/4).
So, F(1)(1, Y , c − Y /2+ Y 2/4) = c2 + c − Y /2 = g(0)(c) − Y /2, with g(0) = Z2 + c. Let us now suppose
that this formula is valid for n; therefore
f (n+1)(γ ) = f ( f (n)(γ ))= (g(n−1)(c) − Y /2)2 + Y (g(n−1)(c) − Y /2)
+ (c − Y /2+ Y 2/4)= ((g(n−1)(c))2 + c)− Y /2 = g(n) − Y /2,
which proves that F(n)(1, Y , c − Y /2 + Y 2/4) = g(n−1)(c) − Y /2 for all n. Notice that, as we have
claimed, this polynomial is linear in Y and has degree 2n−1 in c.
Given 1 k1 < · · · < kμ  K , the polynomial ∏μj=1 F(k j)(1, Y , c − Y /2 + Y 2/4) has a multiple root
if and only if some of the numbers g(k j−1)(c) are equal. That is, if and only if c is a root of some of
the polynomials
gt,s(Z) = g(t)(Z) − g(s)(Z), 0 s < t  K − 1.
So, the number of multiple roots of the polynomial
∏μ
j=1 F(k j)(1, Y , c − Y /2 + Y 2/4) is bounded by
the number of roots of the polynomials gt,s(Z) for 0 s < t  K − 1. Since each of these polynomials
has at most 2t roots for all 0 s t−1, the total number of multiple roots is bounded by ∑K−1t=1 t2t =
2K (K − 2) + 2. 
We are now able to establish the upper bound of Theorem 1. The trivial sum of (1) can be bounded
by O (q3/2K ). For the other terms, we can use the Weil bound, given in Lemma 1, for those polynomi-
als which are not squares. Since these polynomials have at most degree K (see the proof of Lemma 3),
we obtain O (Kq5/2) for this part. For the rest, that is, the polynomials with at least one multiple root,
we can use a trivial bound. Thus, from Lemma 3, we get O (2K Kq2). Then,
Sq = O
(
q3/2K + Kq5/2 + 2K Kq2).
Choosing 2K = O (q1/2), we obtain Sq = O (q5/2 logq). Theorem 1 is proved.
3. Final remarks and comments
The main achievement of this work was the establishment of upper and lower bounds for the
number of stable quadratic polynomials over a ﬁnite ﬁeld Fq . The lower bound has been set using the
work of Ali (see [5]), which guarantees the existence of such polynomials for any q odd. For the upper
bound, in order to relate the number of stable quadratic polynomials with the sum of the quadratic
character of Fq , we have used the ideas presented in [1]. In both cases, the results were derived from
Lemma 2, which holds for stable polynomials of any degree. Furthermore, it is also true for ﬁelds of
characteristic zero, as can be seen in Lemma 6 of [6].
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